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ABSTRACT

In this paper we introduce the notions of P-prime ideal and small P-prime ideai which is a generaizanion of

prime ideal and obtain equivalent conditions for an ideal to be P-prime. Also we introduce the notions of P-m-
system and small P-m-system in near-rings.
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1. Introduction

Anderson and Fuller [2] defined small right ideal in rings. Aldosary and Bashammakh
[1] obtained results on small right ideal satisfying the chain conditions. For the basic

terminology and notation we refer to [3].

Throughout this paper, N denotes a zero-symmetric near-ring and P denotes an ideal
of N which is arbitrary but fixed. For any subset A of N, < A > denotes the ideal of N
generated by A. For any a €N, < a > stands for the ideal of N generated by a. An ideal A of
N is said to be prime if BCE A implies B € A or C € A for ideals B, C of N. A noa-empty
subset M of N is said to be an m-system if for any a, b€ M thereexists a, € <2 >and b, €

< b > such that alble M.

In this paper we introduce the notions of P-prime ideal, small pnme and small P-prime

ideal which is a generalization of prime ideal and obtain equivalent conditions for an ideal to

is paper we extend the small right ideal in rings to the small nght ideal in
-system, small m-system and small P-m-

be P-prime. In th
near-rings. Also we introduce the notions of P-m
system in near-rings.
I
2. P-prime ideals
Now we introduce the notion of P-prime ideal in near-rings.

Definition 2.1 An ideal A.ofN is said to be P-prime if BC + PS AimpliesBC AorC < A

for ideals B, C of N.
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/ ' Now WE gIve an
deal for any ideal |

learly A 15 a P-prime )
If A 1s a pnme wdeal then ¢ 3

example of a P-pnme ideal that 1 nol prnme

group Define multiplication in N as

Frample 2.2 Lat N - (0., b, c) be the Klein four

follows

Then (N, +, ) is a near-ring (see Pilz (3], p. 407, scheme 7). Here the ideals are {0}, {0, aj.
{0.b) and N. Let P = {0, b}. Clearly {0} is P-prime but not prime since {0, a} {0, b} S {0]
but {0,a} € {0} and {0. b} & {0}.

Theorem 2.3 Let A be an ideal of N. Then the following are equivalent:
(1) A is a P-prime ideal.

(2) < BC >+ P < A implies BS A or C S A for ideals B, C of N.
(3)b€Aandc €A implies<b> <c>+PZAforallb,c€N.
(4)B> A and C O A implies BC + P € A for ideals B, C of N.
(5)BZ A and C & A implies BC + P € A for ideals B, C of N.

Proof. (4) = (5) Assume that B and C are ideals of N such that BZAand CZ A. Letbe
B\AanchC\A.Then<b>+A3Aand<c>+A:>A.‘nms(<b>+ AN<c >+ A)
* PZ A. So there exists b, € < b >, ¢, €<c>, a, 4 €A and p, € P such that ((b+ a))
(¢/*3;))*p, € A. Then b, (c,+a,) - b, ¢;+ b, Citprtai(c,+a;) € A for some p2 € P. Since

bi(c; +a;)-b, ¢, €A and a)(c; + a;) € A, we have bic; + p; € A. Hence BC + P € A. The
other implications are straightforward.

Definition 2.4 A non-empty subset M of N is said to be an P-m-system if for any a, b € M
there exists a, € < g >, bE<hH >andpePsuchthata,b, +pEM.

Clearly every m-system is a P-m-system.
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Lewama 2.3 Lot A be an ideal of N Then A is a P-
_\_\Siﬂ“

prime ideal if and only if N\A is an P-m-

Preof. Lot A be an ideal. Ass .
S Assume that A s a P-prime ideal. Let b, ¢ € N\A. Since A is P-
prame, B (3) of Theorem 23

H<b><e>+pga implies there exists by € < b >,

S ELC> and € P suc
< P such that bie, + p, € A. Thus bic, + p1 € N\A. Hence N\A is an
P\M}W‘l.

Comversely, assume that for any x, ¥ € N such that x € A and y € A. Since N\A is an P-m-
sastom, there eXists X, ;

\ SSX € <X >,y €<y >and p€P such that x;y, + p € N\A. Then < x >
< ¥ >~ P& A Hence A is a P-prime ideal.

> { A -
Theorem 2.6 Let M S N be a non-void P-m-system in N and | an ideal of N with In M = 0.
Then | is contained in a P-prime ideal A # N with A N M = 0.

Proof. Let F = {J|/isanidealof N, 21and)nM = @}. Clearly 1 € F. By Zom's
Lemma. F contains a maximal element A. Thus A is an ideal and A is not equal to N. Assume
B and C are ideals of N such that B> A and C 3 A. Take some b€ BN M and c € C N M.
Now < b > <¢> S BC and there exists b, € <b >, ¢, € <c¢ > and p € P such that
bo.~pPEM. So(<BC>+P)NnM#0, <BC>+PZAandBC+PZA.

The following is an immediate Corollary of Theorem 2.6.

Cerollary 2.7 ([3]. Proposition 2.81) Let M € N be a non-void m-system in N and I an id‘eél
ofX\\‘ithlnM=0.ﬂmliscontainedmap¢imeidealA¢NwithAnM=o,

Let I(I) denote the prime radical of | which is the intersection of all prime ideals containing |
and P(1) denote the P-prime radical of 1 which is the intersection of all P -prime ideals
containing 1.

Lesma 2.8 If n € P (I). then there exists a positive integer k such that n* € .

Proof. If n € N, then the set M = {n.n%,n%,.. }is an P-m-system. If 1N M =@ then by
Theorem 2.6 Ihe'l'eisSOmeP-primeidealAQIWilhAnM=0,acontmdicli0nton€P(l).
HencelnM:oandthemexistsapositiveimegerksuchthatn‘el.

We have the following corollary from Lemma 28.

Corollary 2.9 If n € P(I), then there exists a positive integer k such that n* € L.
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A, Small P-prime wleals

W i near- [ngs sumilar 10 the nobion of il

l “l 4
\ “‘“\\’U\'\' lh" ll\\l i \" \'"l‘“ |lg
oW W ’l (3

. ] 1
rght whoal in nngs (ve¢ (2] P 7<)
1 small right ideal if for any right ideal B ol N g

Definition M1 An weal A of N 1s called

equation A + B =N implies B = N\

de is not a small night eal
In a near-nng, {0} 1s always a small right ideal but N 1s i<

i aagl et i N
Lemma 3.2 The sum of two small nght ideal in N is agawn small nght ideal w

Proof. Let A and B be small right ideals in N such that (A + B) + ("~ N for any right wieal (

of N.Now A + (B + () = (A + B) + C = N. Since A is a small right weal w N, we havg

B + C = N. Since B is a small right ideal in N, we have C =N Thus A+ Bis & small nghs
wdeal in N.

Definition 3.3 An ideal A of N is said to be small prime if BC € A implies B & Ao (& A
for small nght ideals B, C of N.

Clearly every prime ideal is a small prime ideal but the converse nged not be true an the
following example shows.

Example 3.4 In Example 2.2, the ideals are {0}, {0, a}, {0, b} and N and the small right deal

1s {0}. Let A = {0}. Then A is small prime but not prime singe {0, a} {0, b} = 0 & A bt
{0,a} € Aand {0,b} € A.

Notation 3.5 Let a € N. Let <a>,denote a small right ideal of N generated by a.

Definition 3.6 A non-empty subset M of N is said to be a small m-system if tor any a bg \L

whenever <a>, and <b>, exist then there exists a, € <a>  and by € <b>, such
I|b| EM. .

Every m-system is a small m-system, but the converse need not be uug. In Examply 2.2,
m| . ‘ - ) . . -8 -]
¥ small right ideal is {0}. Let M = {a, b}. Then M is a small m-shatem, byl ngd an m-

system since for a, b € M there is noa € <a>and b, € <b> such that a,b; & NI
3 \ N

Le . : ‘
mma 3.7 An ideal A of N is small prime if and only if N\A is a small m-systom,

A S A s “N\ALg,

Proof. Straightforward,
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Definition 3.8 An ideal A of N is said to be small P-prime if BC+P € A implies B € A or €
c A for small right ideals B, C of N.

If A is a small prime ideal then clearly A is a small P-prime ideal for any ideal P. Now we

give an example of a small P-prime ideal that is not small prime.

Example 3.9 Let N = {0, a, b, c} be the Klein four group. Define multiplication in N as

follows.

0 |a b "
00 |0 0 0
al|0 |0 0 a
b |0 |a b |b
¢c |0 |a b c

Then (N, +, .) is a near-ring (see Pilz [3], p. 407, scheme 8). Here the ideals are {0}, {0, a}
and N and the small right ideals are {0} and {0, a}. Let P = {0, a}. Clearly {0} is small P-
prime but not small prime since {0, a} {0, a} < {0} but {0,a} € {0}.

Definition 3.10 A non-empty subset M of N is said to be a small P-m-system if for any a, b €

M, whenever <a>, and <b>; exist then there exists a; € <a>; , by E<b>;and p€ P such

that a,b, + p € M.

Clearly every small m-system is a small P-m-system.

Theorem 3.11 Let M € N be a non-void small P-m-system in N and I be a small right ideal

of NwithIn M =@. Thenlis contained in a small P-prime ideal A # N with ANM=09.

Proof. Let V = {J | J is a small right ideal of N and J N M = @}. Since I € V, V is non-empty.

Let A, CA; S A; S ... bean arbitrary chain of small right ideals in V. Let K = UA,. Clearly

K is an ideal of N. Suppose for any right ideal Q of N, K + Q = N implies there exists k € K
and q € Q such thatk +q = 1. Since K = UA;,
nce K is a small right ideal of N. By the definition of V, K

we have k € A, for some small right ideal Ai €
V.So A, +Q =N implies Q = N. He
NM =@. By Zom's Lemma, V contains a maximal element say A. Thus A is a small right
ideal of N such that A N M = @. Assume that B and C are small right ideals of N such that BC

+P € A. Suppose Bg A and CEZA. Let b € B such that b € A and ¢ € C such that ¢ € A.

Then A C <b>, +A and A < <c¢>, +A. By Lemma 3.2, <b>, +A and <c>; +A are small
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right ideals. By the maximality of A, (<b>,+A)NM # @and (<c>, *A)NM 2 @ [ ‘e
(<b>, +A) N M and y€(<c>,+A)NM. Since <x>, and <y>, exists and M is a smy]| P-m.
system, there exists x; € <x>,, y; € <y>, and p € P such that x;y, + p € M. Also x, vipe
((<b>, +A) <c>, +A))+P. So there exists b € <b>,, ¢, E<c>,,p;EPand a;, a, € A Such
that X, yi+ p = (b + &) ¢+ a)py = by (¢1+ ar)+ 2y (e a+pi=(bi(ci+ a7) - by ;) + bye, + a
(¢1+ &) + p1= (bi(c) + ) - by )+ bicy+py+ a; (¢t ay) for some p; € P implies x, y, + PEA

Thus A NM # @, a contradiction. Then B € A or C € A. Hence A is a small P-prime ideal of
N.

References

[11F.AM. Aldosary and S.A A Bashammakh, Rings with chain conditions on small right
ideals, Punjab University J. math., 37 (2005), 1-10.

[2] F.W. Anderson and K.R. Fuller, Rings and Categories of Modules, Springer-Verlag, New
York, 1974,

[3] G. Pilz, Near-rings, North-Holland, Amsterdam, 1983,

50

Scanned by CamScanner



